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Abstract. This paper establishes the Manin conjecture for a certain non-split 
singular del Pezzo surface of degree four X C P 4 . In fact, if U C X is the 
open subset formed by deleting the lines from X, and H is the usual projective 
height function on P 4 (Q), then the height zeta function X/xgUYQ) H(x)~ s is 
analytically continued to the half-plane 5fte(s) > 17/20. 



1. Introduction 

Let X C P 4 be a singular del Pezzo surface of degree four such that X(Q) 
is Zariski dense in X, and let U C X denote the open subset formed by delet- 
ing the lines from X. The purpose of this paper is to extend our previous in- 
vestigation [2] into the asymptotic distribution of rational points on U. For any 
x = [xo, ■ ■ ■ , X4} € P 4 (Q) such that xq, . . . ,#4 G Z and gcd(a;o, ■ ■ ■ , x&) = 1, let 
H(x) — maxo^i^4 denote the usual anticanonical height function. Then the 
behaviour of the associated counting function 

Nu,h(B) = #{.t e U(Q) : H{x) < B}, 

as B — > 00, is predicted by the Manin conjecture [7j. Let X denote the minimal 
desingularisation of X and let p denote the rank of the Picard group PicX of X. 
There is a strong version of this conjecture that predicts the existence of a constant 
cx,h > 0, and a monic polynomial P G K[i] of degree p — 1, such that 

Nu, H (B) - c x , H BP(logB) + OiB 1 - 5 ), (1.1) 

for some 5 > 0. The constant cx,h has received a conjectural interpretation at the 
hands of Peyre [ 1 1| , and will be discussed in <J5]below. As yet there appears to be no 
conjectural understanding of the lower order coefficients in this asymptotic formula. 
The true nature of the error term has been investigated by Swinnerton-Dyer [15] , 
in the setting of diagonal cubic surfaces. 

A classification of singular quartic del Pezzo surfaces can be found in the work 
of Hodge and Pedoe (TT] Book IV, §XIII.ll]. This shows that up to isomorphism 
over Q, there are 15 possible singularity types that can occur. Coray and Tsfasman 
[SI Proposition 6.1] have calculated the extended Dynkin diagrams for each type. 
Given this finite list of surfaces, it is natural to try and develop an arsenal of tools 
and techniques that permit us to verify the conjectured asymptotic formula (|1.1[) 
for each surface on the list. One approach to establishing the Manin conjecture 
involves studying the height zeta function 



This is defined when 5Re(s) is sufficiently large. Once one has proved suitably strong 
statements about the analytic properties of Zjj,h{s), one automatically obtains 
information about the asymptotic behaviour of Njj^h(B) via standard Tauberian 
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arguments. This approach was present in our previous work t 2 , where an extensive 
study was made of the quartic del Pezzo surface 

xqXi — x\ = X0X4 — X1X2 + x\ = 0. (1-2) 

This surface is split over Q and has a unique singular point, which is of type D5. In 
particular, the Picard group of the minimal desingularisation of (|1.2[) has maximal 
rank 6. In addition to providing an analytic continuation of the corresponding 
height zeta function to the half-plane Sie(s) > 9/10, an estimate of the shape 
was obtained for any 5 € (0, 1/12). 

The primary goal of this paper is to determine whether the techniques that were 
developed in [2] can be brought to bear upon a surface that is not split over the 
ground field Q. Let X C P 4 be the surface 

xqXi — x\ = Xq — X1X4 + x\ = 0. (1-3) 

Then X has a unique singular point £ = [0, 0, 0, 0, 1], which is of type D4. In fact 
X has singularity type C3 over Q, in the sense of Lipman O §24], which becomes 
a D4 singularity over Q. It is easy to see that the only two lines that are contained 
in X are 

ii : Xi = x 2 = x - ix 3 = 0, £ 2 ■ Xi — x 2 — x + ix 3 = 0. 

Clearly both l\ and l 2 pass through £, which is actually the only rational point 
lying on either line. In particular Njj } h(B) — Nx.h(B) + 0(1). In our previous 
work [2] the universal torsor was a fundamental ingredient in the resolution of the 
Manin conjecture for (|1.2[) . much in keeping with the general philosophy. One of the 
most novel features of our present investigation is that we will be able to establish 
the Manin conjecture for (|1.3p using a certain sub-torsor of the universal torsor. 

Our first result concerns the analytic properties of the associated height zeta 
function Zu i h(s). For any positive integer n, let 

f 1 if n = 1 (mod 4), 
X(n) = ^ —1 if n = 3 (mod 4), 
otherwise, 

be the real non-principal character modulo 4. Then for 5Re(s) > we introduce the 
functions 

E^s + 1) - C(2s + l) 2 C(3s + l)C(4s + l)L(2a + 1, X )L(3s + 1, x ), (1-4) 

F(q , U = C(9s + 3)L(9s + 3, X ) n ^ 

21 ' C(5s + 2) 2 C(6s + 2) 2 L(5s + 2, X )L(6s + 2,x) 2, [ ' 

It is easily seen that E\(s) has a meromorphic analytic continuation to the entire 
complex plane with a single pole at s = 1. Similarly it is clear that Sa(s) is 
holomorphic and bounded on the half-plane {s e C : Ke(s) > 5/6 + e}, for any 
e > 0. For any a € R let 

H a = {seC: 3?e(a) > a + e}. 
We are now ready to state our main result. 

Theorem 1. Let e > 0. Then there exists a constant € M, and functions 
Gi(s),G2(s) that are holomorphic on the half-planes H3/4 andTLu /20> respectively, 
such that for 5Re(s) > 1 we have 

Zum(s) = E 1 (s)E 2 (s)G 1 (s) + 12/7r " ± 4/j + G 2 (s). 
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In particular (s — 1) Zjj,h(s) has a holomorphic analytic continuation to the half- 
plane Tin/20- The function G\{s) is bounded on the half-plane H3/4 and satisfies 
Gi(l) ^ 0, and the function G2(s) satisfies 

G 2 (s) < £ (1 + |CJ m ( s )|)20max{l-K e (,),0}/3+ S 

on the domain 7^17/20- 

The main step in the proof of Theorem [1] consists of establishing a preliminary 
estimate for Njj.h(B). This will be the object of §;J3HH In ^5] this estimate will 
then be used to deduce the analytic properties of Zjj,h{s) presented above. Explicit 
expressions for (3 and G\ can be found in (14.18|) and (15. 2p . respectively. It is inter- 
esting to compare Theorem [1] with the corresponding result in our previous work 

Theorem 1]. It is no surprise that the structure of the two height zeta functions 
is very similar. Thus in both expressions we have a first term Ei(s)E2(s)Gi(s) 
that corresponds to the main term in our preliminary estimate for the counting 
function, a term ^(s — that corresponds to an isolated conic contained in the 
surface, and a further "/3-term" involving a constant j3 that arises through the error 
in approximating certain arithmetic quantities by real- valued continuous functions. 
This /3-term is one of the most mysterious aspects of our work, and it is interesting 
to highlight the difference in nature between the constant that appears in Theo- 
rem [T] and the corresponding constant obtained in [2 Theorem 1]. Thus whereas 
the /?-term in the latter work relies upon results concerning the equidistribution of 
squares in a fixed residue class, the /3-term in Theorem [T] merely arises through a 
routine application of integration by parts. 

We have already mentioned that the main step in the proof of Theorem[T] involves 
producing a preliminary estimate for Njj,h{B). In <JS]we will show how Perron's for- 
mula can be combined with Theorem [T] to extract the following asymptotic formula 
iovN u>H {B). 

Theorem 2. Let 5 £ (0,3/32). Then there exists a polynomial P of degree 3 such 
that for any B 1 we have 

N UM (B) = BP(logB)+0(B 1 ~ s ). 

Moreover, the leading coefficient of P is equal to 

f_ f 1 u 1 / 4 du -i-r / 1x4/ x(p)\ 2 (, , 3 + 2 X ( P )+x 2 (p) X 2 (P) 
576 7 VT^llV 1 p) V P M i+ p P 2 

We will verify in fJ3] that Theorem [2] is in accordance with Manin's conjecture. 
A crucial step in the proof of Theorems [T] and [5] is a bijection that we establish 
between the rational points on U and the points (i>i, v 2 , yo, ■ ■ ■ , 2/4) £ Z 7 such that 

2/o2/l ~ u 22/i2/4 + 2/3=0. (1.6) 

Note that v% does not appear explicitly in the equation. This step is achieved in 
JJ] via an elementary analysis of the equations defining X. As we have already 
indicated it is interesting to note that this equation is not an affine embedding of 
the universal torsor over the minimal dcsingularisation A of A. Instead it turns 
out that (|1.6[) corresponds to a certain sub-torsor of the universal torsor, which 
reflects the fact that A does not split over the ground field. Theorem [5] seems to 
signify the first time that the full Manin conjecture has been established without 
recourse to the universal torsor. 

Over the last decade or so the Manin conjecture has been established for a 
variety of special cases, and it is important to place our investigation in the context 
of other work. We will say nothing about the situation for non-singular del Pezzo 
surfaces, or singular del Pezzo surfaces of degree not equal to four. A discussion of 
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these surfaces can be found in the second author's survey [3] . It turns out that the 
Martin conjecture has already been established for several singular quartic del Pezzo 
surfaces by virtue of the fact that the surface is toric, for which there is the general 
work of Batyrev and Tschinkel [1] , or the surface is an equivariant compactification 
of G^, for which there is the work of Chambert-Loir and Tschinkel [J]. The surface 
(|1.2|) studied in [5j falls into this latter category. That (|1.3|) is not an equivariant 
compactification of <G„ can be seen by mimicking the argument used by Hassett 
and Tschinkel [TDJ Remark 4.3] in their analysis of a certain cubic surface. The 
authors have recently learnt of work due to Derenthal and Tschinkel [6], in which 
the Manin conjecture is established for the surface 

XqXz — X1X4 = XqXi + X1X3 + x\ = 0. 

This is the split del Pezzo surface of degree four, with singularity type D4. Their as- 
ymptotic formula is weaker than ours, and does not lead to an analytic continuation 
of the corresponding height zeta function. 

Acknowledgements. The authors are grateful to Ulrich Derenthal and Brendan 
Hassett for several useful conversations relating to universal torsors for singular del 
Pezzo surfaces. Special thanks are due to Roger Heath-Brown whose ideas led us 
to the proof of Lemma [SJ The paper was finalised while the first author was at 
the Ecole Normale Superieure, and the second author was at Oxford University 
supported by EPSRC grant number GR/R93155/01. The hospitality and financial 
support of these institutions is gratefully acknowledged. Finally, the authors would 
like to thank the anonymous referee for his careful reading of the manuscript and 
numerous useful suggestions. 

2. Conformity with the Manin conjecture 

In this section we will review some of the geometry of the surface X C P 4 , as 
defined by the pair of quadratic forms 

Ql(x) = XqXi — X%, Q 2 {^) = xl - XiXa + x\, (2.1) 

where x = (#0, %i, X2, x%, £4). In particular we will show that Theorem [2] agrees 
with the Manin conjecture. 

Let X denote the minimal desingularisation of X, and let ir : X — > X denote the 
corresponding blow-up map. We let Li denote the strict transform of the line ti for 
% = 1,2, and let E\, . . . , E4 denote the exceptional curves of ir. Then the divisors 
Ei, ... , -E4, L±, Li satisfy the Dynkin diagram 

E-2 



L\ E3 E\ E4 L2 

after a possible relabelling of indices. From this it is possible to write down the 
6x6 intersection matrix 





Ei 


E 2 


E 3 


E4 


Li 


L 2 


E x 


-2 


1 


1 


1 








E 2 


1 


-2 














E 3 


1 





-2 





1 





Ei 


1 








-2 





1 


Li 








1 





-1 





L 2 











1 





-1 
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which implies that the geometric Picard group PiCjj X = Pic(X ®q Q) is generated 
by Ei, E 2 , E 3 , E^, L±, L 2 . Moreover the adjunction formula implies that 

- K s = 4£?i + 2E 2 + 3{E 3 + E 4 ) + 2{L X + L 2 ), (2.2) 

where —Kg denotes the anticanonical divisor of X. Now if T denotes the Ga- 
lois group of Q(i)/Q, then it is clear that {Li,L 2 } a = {Li,L 2 } for any a € T. 
Furthermore, it emerges during the calculation of X that 

El = E%, E% = E 2 , {E 3 , EiY = {E 3 ,Ei}, 

for any a 6 V. The Picard group PicX of X is therefore the free abelian group 
generated by E\,E 2 ,E 3 + E^,L\ + L 2 . In particular p — 4 in JO}, which agrees 
with Theorem [5] 

It remains to discuss the conjectured value of the constant cx.h in fll-lj) . For 
this we will follow the presentation adopted in our previous investigation §2], 
and so we will permit ourselves to be brief. In the notation found there, we see 
that the conjectured value of the constant in is 

c x , H = a(X)f3(X) TH (X). (2.3) 

Now it follows from [5, Theorem 7.2] that if^Q, Pic^ X) = 0, whence (3(X) = 1. 
Turning to the value of a(X), we have already seen how —K x can be written in 
terms of the basis for PicX. Moreover it is easy to check that the cone of effective 
divisors A c g(X) C (PicX) ®% R is also generated by the basis elements of PicX. 
This allows us to conclude that 

a(X) = meas {(h, t 2 , t 3 , i 4 ) g R^ : tti + 2t 2 + 3t 3 + 2t 4 = 1} 

= -meas{(ii,t 2 ,t 3 ) G R| : ^h + 2t 2 + 3t 3 ^ 1} (2.4) 
1 

~ 288' 

The calculation of th(X) is a little more involved, and will be carried out in the 
following result. 



Lemma 1. We have th{X) = 7r 2 o; 00 r/16, where 



(2.5) 



and 



Proof. Write L p (s, Pic^X) for the local factors of L(s,PiCqX). Furthermore, let 
LUac denote the archimcdean density of points on X, and let lo p denote the usual 
p-adic density of points on X, for any prime p. Then the Tamagawa measure is 
given by 

t h {X) = lim ((s - lYL(s, Pic^X))^ J] - - ^ ~ , 

where p = 4 is the rank of PicX. Our first step is to note that 

L( S ,PicQX) = C(s) 2 CQ W (s) 2 - 
Since C<Q(i)( s ) — C( s )L(s, x), it then follows that 

lim{(s-iyL(s,Pic^X))=L(l, X f=^. 



6 



R. DE LA BRETECHE AND T.D. BROWNING 



Furthermore, we plainly have 

Lp (l,Pi^X)-i = (l-±)\l-^)\ (2.7) 

for any prime p. 

We proceed by calculating the value of the archimedean density Wk,. Let ||x|| 
denote the norm maxo^i^4 \xi\ for any xffl 5 . We will follow the method given by 
Peyre [14] to compute . It will be convenient to parametrise the points via the 
choice of variables xo,xi,X4, for which we first observe that 



dQi 


dQ 2 


dx 2 


3X2 


dQi 


dQ 2 


dx 3 


dx 3 



det = -4x 2 x 3 . 



Now in any real solution to the pair of equations Qi(x) = Q2(x) = 0, the compo- 
nents xq,xi and X4 must necessarily all share the same sign. Taking into account 
the fact that x and — x represent the same point in P 4 , the archimedean density of 
points on X is therefore equal to 



^00 = 4 / wl(x), 

J{xeR5 : Qi(x)=Q 2 (x)=0, ||x[Kl} 

where u>l(x) is the Leray form (4x'2a;3) -1 diz;odx , idx'4. It follows that 

dxadxidx^ 



<- Xl,X4^.1, X^<XiXi 1 V ° ^ IJJ 
f f m 1 /o n T^ -dXodXl. 

J Jt x ,x 1 m >0 : 1 1/2 3/2 u 



/r lo^l«>o: \ 

The change of variables u = x\jx\ therefore yields 



du / -^-77 = 8 







3/4 / 3/4 / /T 



where we have carried out integration by parts to get the last equality. This estab- 
lishes (|23]l . 

It remains to calculate the value of lo p = limr-tcaP r N(p r ), for any prime p, 
where 

N(p r ) = #{x(mod p r ) : Q x (x) = Q 2 (x) = (mod ?/)}. 

Although this amounts to a routine calculation, the arguments needed to handle 
our non-split surface are slightly more subtle, and we have decided to present them 
in full. To begin with we write xo = p k °x and x\ = p kl Xi, with p \ x x[. Now we 
have p r I x\ if and only if fco + fci ^ r, and there are at most p r ^ 2 square roots of 
zero modulo p r . When fco + k\ < r, it follows that kg + k\ must be even and we 
may write X2 = p^ ko+kl ^ 2 x' 2 , with p \ x' 2 and 

x' x\ ~ x' 2 2 = (mod p r - k °- kl ). 

The number of possible choices for x' , x[ , x' 2 is therefore 

, , v f 4>{p r - ka )4>{p r - {k «+ k ^/ 2 )p ka iffc + fci<r, 

ft p (r,fc ,/cij-| 0{p5r/ 2-k„- kl) iffc + fc!>r. 

It remains to determine the number of solutions £3, X4 modulo p r such that 

p 2ko x' Q 2 - p kl x[x 4 + xl = (mod p r ). (2.8) 

In order to do so we distinguish between four basic cases: either fco + fci < r and 
2fco = fci, or fco + ki < r and 2fco < fci, or fco + fci < r and 2fco > fci, or else 
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fco + ki ^ r. For the first three of these cases we must take care only to sum over 
values of ko, k\ such that ko + k 4 is even. We will denote by Ni(p r ) the contribution 
to N(p r ) from the ith case, for 1 ^ i ^ 4, so that 

N(p r ) = Ni(p r ) + N 2 (p r ) + N 3 (p r ) + N 4 (p r ). (2.9) 

We begin by calculating the value of Ni(p r ). For this we write x 3 = p ka x' 3 , 
with k 3 = min{r/2, ko} = ko. The number of possibilities for x' 3 is p r ~ k °, each one 
leading to precisely p 2k ° possible choices for x 4 via (|2.8|) . On noting that k\ is even, 
so that ko must be even, we may write ko — 2/cq, for ^ k' < r/6. In this way we 
deduce that 

Ni( P r ) = £ p r+2k '«h p (r,2k Ak'o) = P 3r (l - lM + Oip 3 ^ 6 - 1 ). 

0^k' <r/6 

Next we calculate N2(p r ). As above we write x 3 = p k °x' 3 , and consider the 
resulting congruence 

x' 2 + 4 2 ee p k ^- 2ka x' x x 4 (mod p r - 2k °). 

Suppose first that p is odd. Then modulo p k i~ 2k « ; there are 1 + x{p) choices for 
x' 3 , whence there are (1 + x{p))p r 1 possibilities for x' 3 overall. But then x 4 
satisfies a congruence modulo p r ~ kl , and there are therefore p kl ways of choosing 
x 4 . On summing these contributions over all the relevant values of feo, kx, we obtain 

W)= E (l + x{p))p r+ko h P {r,k M) 

2k Q <k 1} 2|(fe +fci) 

-2(l + X (p))p 3l '- 1 (l + (l)), 

when p is odd. When p = 2 the only difference in this calculation is that we must 
restrict ourselves to the case k\ — 2ko = 1, since there are no solutions to the 
congruence x' Q 2 + x' 3 = 0(mod2 ly ) for v ^ 2. We therefore obtain 

N 2 {2 r ) = £ {l + X (m r+kQ h2{r,ko 1 k l ) 

ko~\-ki<r, ko,ki^O 
fei=2fe +l, 2|(fc +fei) 

= 2 3 — 2 (l + o(l)). 

We proceed by calculating N 3 (p r ), for which we now write x 3 = p k3 x' 3 with 
k 3 = min{r/2, [fci/2]} = [fci/2]. Here, as throughout this work, \ot\ denotes the 
ceiling function for any a £ R, whereas [a] will always denote the integer part of 
a. With this in mind (|2.8[) becomes 

If ki is even, the number of choices for x 3 is p r ~ fc i/ 2 anc j this leads to p kl choices 
for x 4 . Thus there are p r + fc i/ 2 possibilities for x 3 ,x 4 if fci is even. If k\ is odd, 
then p divides x 4 and we find that there are p r+ ( kl ~ 1 '>/ 2 possibilities for x 3 and x 4 . 
Summing over the relevant values of ko and k\ we therefore obtain 

W) = E P r+[kl/2] h p (r,koM) 

2fc >fel, 2|(fe +fei) 
= P 3r ~ 2 (p- I) 2 E p[fci/2]-fei/2-* /2 > 

2feo>fei, 2|(fe +fei) 
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On splitting the summation into four different cases according to the value of k\ 
modulo 4, a routine calculation therefore yields 

N 3 (p r ) 



p3r-2(p_ 1)2 



p k '° + ^2 p k ' a 

k =2k' , fc 1 =4fc' 1 k =2k' , k 1 =4k' 1 +2 

k' ^k[ + l k'g^k^+l 



+ p k ° 1+ p k ° 1 

fc =2feo + l, k 1 =4k' 1 +l k =2k' + l, k 1= 4k[+3 

as r — > oo. 

Finally we calculate the value of Ni(p r ). In this case a straightforward calcula- 
tion shows that there are at most 2p r ~ kl+min ^ k °' kl ^ 2 ^ possibilities for £3, each one 
leading to at most p kl choices for X4. We therefore deduce that 

N A {p r ) « P r+min{ko ' kl/2} h p (r, k ,h) « p 3r - r / 6 . 

fco+fei^r 

We may now combine our estimates for N 1 {p r ) 1 . . . , N^ijf) into (|2.9|) . When p is 
odd we therefore deduce that 

c p = lim p - 3 W) = l + i± ^ + 4, 

r— »oo p p z 



whereas when p — 2 we obtain 



W2 = lim 2- 3r N(2 r ) = ^. 

r — >oc Z 



On combining this with (|2.7| . we therefore conclude the proof of (|2.6|) . and so 
complete the proof of Lemma [1] □ 

We end this section by combining (|2.4H and Lemma[T]in ()2.3|) . in order to deduce 
that the conjectured value of the constant in (jl.ip agrees with the value of the 
leading coefficient in Theorem [2l 



3. Preliminary manoeuvres 

In this section we will establish an alternative expression for Nu^h{B) : for which 
we will follow the presentation of [21 §4] . Let us begin by recalling the notation used 
there. For any 11 ^ 2 we will let Z n+1 denote the set of primitive vectors in Z n+1 , 
and similarly, we let N n+1 denote the set of primitive vectors in N n+1 . Moreover, let 
Z™ +1 (resp. denote the set of vectors v € Z™ +1 (resp. v e Z n+1 ) such that 

vq - ■ ■ v n =/= 0. Finally we will henceforth follow common convention and allow the 
small parameter e > to take different values at different points of the argument. 

If x = [x] £ X n P 4 ((Q)) is represented by the vector xgZ 5 , then it is easy to see 
that 

H(x) = max{|xi|, \xa\\- 
Recall the definition (|2.I[) of the quadratic forms Q\ and Q2. Then it follows that 

Nu,h(B) = i#{x G Z 5 : maxflzil, |x 4 |} ^ B, Q^x) = Q 2 (x) = o} + 0(1), 

since x and — x represent the same point in P 4 . Let 

N{Q ll Q 2 ;B) = #{x e N 5 : m&x{ Xl ,x 4 } ^ B, Q^x) = Q 2 (x) = 0}. (3.1) 
Then we proceed to establish the following basic result. 
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Lemma 2. Let B ^ 1. Then we have 

Nu.h(B) = W(Q 1 ,Q 2 ; B) + ^B + 0{B 2 ' 3 ). 

Proof. Let us consider the contribution to Njj^h(B) from vectors x E Z 5 which 
contain zero components. We claim that 

Nu, H {B) = i#5(Qr, Q 2 ; B) + ^B + 0{B 2 ' 3 ), (3.2) 

where 

S(Qi,Q 2 ;B) = {x e Z\ : max{|xi|, |^ 4 |} B, Q^x) = Q 2 (x) = 0}. 

Suppose that x € Z 5 is a vector such that 

x = 0, |x 4 | s$ B, 

and Qi(x) = Q2(x) = 0. Then it immediately follows from the first of these 
equations that x 2 = 0, and the second equation implies that x\ — X1X4. Now 
either x 3 = 0, in which case there are at most 4 possibilities for x, or else we have 
x = ±(0, a 2 , 0, ±a&, b 2 ) for coprime a, b £ N. Hence the overall contribution from 
this case is 12B/tt 2 + 0(B 1 ^ 2 ). Suppose now that x S Z 5 is a vector such that 

x\ = 0, | a?4 1 ^ B, 

and Qi(x) = Q 2 (x) = 0. Then a straightforward analysis of these equations reveals 
that in fact x = ±(0, 0, 0, 0, 1). Next we note that any vector with x 2 X4 = must 
have xoxi = 0. But such vectors have already been handled above. Finally, if 
xeZ 5 satisfies 

x 3 = 0, |aci|, |a: 4 | ^ B, 
and Qi(x) = Q 2 (~x) = 0, then we must have X1X4 = x^ and x\ — x§x\. Since we 
are only interested in an upper bound it clearly suffices to count non-zero integers 
x ,x 2 ,X4, with modulus at most B, such that gcd(x , x 2 , X4) — 1 and X^X4 — ' 
But then it follows that (xq, x 2 , X4) — ±(a 2 6, a 3 , b 3 ) for coprime integers a, b, whence 
the overall contribution is 0{B 2 / 3 ). This completes the proof of (|3.2p . 

We now need to relate the cardinality of the set S(Qi,Q 2 ; B) to the quantity 
N(Qi,Q 2 ; B). Write S = S(Qi,Q 2 ; B) for convenience, and define the four subsets 

S±,± = {x£5:ix 2 >0, ±x 3 > 0}. 

Then we clearly have a disjoint union S = «?_,_ U U S+,_ U 5+,+, in which 
each of the four sets has equal size. Hence it follows that #S = 4#S' + , + . Now for 
any x e 5+,+ , we must have that xq and x\ are both positive or both negative, 
since their product is a square. Similarly x\ and X4 both have the same sign, since 
their product is the sum of two squares. Hence either xq,xi,X4 are all positive, or 
they are all negative. This therefore establishes the equality 

#S+,+ = 2N(Q 1 ,Q 2 ;B). 

Upon recalling that #5 = 4#S' +i+ , and then inserting this into (|3.2[) , we thereby 
complete the proof of Lemma [5] □ 

We proceed to equate N(Qi,Q 2 ; B) to the number of integral points on a certain 
affine variety related to X, subject to certain constraints. Let x £ N 5 be any 
vector counted by N(Q\, Q 2 ; B). We begin by considering solutions to the equation 
Qi(x) = 0. But it is easy to see that there is a bijection between the set of positive 
integers Xq, x\, x 2 such that x$x\ — x 2 , and the set of xq, x\, x 2 such that 

x = z 2 z 2 , xi = z\z 2 , X 2 =Z ZxZ 2 , 

for zq, z\, z 2 £ N, with 

gcd(z ,zi) = 1. (3.3) 
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We now substitute these values into the equation Q2(x) = 0, in order to obtain 

ZqZ% — X4Z1Z2 + x\ = 0. (3-4) 
It is apparent that Z2 divides Hence we write 

Z2 = v 2 y' 2 2 , 

for V2,U2 G N such that v 2 is square-free. It follows that V22/2 divides X3, and so 
there exists y' 3 € N such that 

£3 = V2y' 2 y'3- 
Under these substitutions (|3.4[> becomes 

^22/2 ^0 - x ± z l + w 22/ 3 = °- 

At this point it is convenient to deduce a coprimality condition which follows from 
the assumption made at the outset that gcd(aio, ■ ■ ■ ,14) = 1. Recalling the various 
changes of variables that we have made so far, we easily conclude that 

gcA.{v 2 y' 2 ,Xi) = 1. (3.5) 

But then it follows that v 2 must divide z\ in the above equation. Since V2 is 
square-free and positive we may conclude that there exists y[ £ N such that 

z\ = v 2 y[. 

This leads to the equation 

y 2 z ~ v 2 x 4 y 1 + 2/3 =0, (3.6) 
in addition to the further coprimality condition 

gcd(z ,v 2 y[) = 1, (3.7) 

that follows from (|3.3p . 

Next we let v\ — gcd(y^, y' 3 ). Then and we may write 

20 = 2/0, y'i=vxyi, y' 3 = viy 3 , (3.8) 

for yo,yi; 2/3 G N. Under this change of variables we deduce from (|3.7[) and the 
definitions of Vx,v 2 , that 

IM W 2)| = 1, gcd(t/i, 2/3) = gcd(2/ , «i«2j/i) = 1, (3-9) 

where /x(n) denotes the Mobius function for any n € N. We proceed by substituting 
p.8p into (|3.6p . This leads to the equation 

4/2 2 2,22 n 

2/0 2/2 -Ul«2£42/l +«l2/ 3 =°> 

from which it follows that v 2 | 2/0 2/2 2 • I R view of (|3.9p it follows that there ex- 
ist 2/2,2/4 € N such that 

x 4 = J/4, 2/2 = ^12/2- 

Our investigation has therefore produced the equation 

2/o2/2 - «22/?2/4 + 2/1 = 0, (3.10) 

and (|3.5[) becomes 

gcd(2/4, W1W22/2) = 1. (3-11) 
We take a moment to deduce two further coprimality conditions 

gcd(2/ 2 ,2/3) = 1, gcd(y 2 ,U22/i) = !• (3-12) 

Suppose that there exists a prime divisor p common to both j/2 and 2/3. Then 
it follows from (|3~TU|) that p 2 \ v 2 y 2 yA- But IpT*?]) and (f3~TTj) together imply that 
gcd(p, 2/12/4) = 1- Hence p 2 | U2, which is impossible since V2 is square-free. The 
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equation (|3.10p and the fact that gcd (1/2,2/3) = 1 clearly yield the second relation 
in (13.12|) . Combining (|3.12p with (|3.9|) and p. lip , we therefore obtain the relations 

gcd(y ,fiV22/i) = gcd(j/ 3 , yiy 2 ) = gcd(y 4 ,v 1 v 2 y 2 ) = 1, (3.13) 

and 

\n(v 2 )\ = l, gcd(2/ 2j U22/i) = l. (3.14) 
At this point we may summarise our argument as follows. Let T denote the 
set of (v,y) = (wi,w 2 ,2/o, ■ ■ ■ ,2/4) € N 7 such that (pTTUj) . (|3~13l) and ([3~14|) hold. 
Then for any x S iV 5 counted by N(Qi, Q 2 ; B), we have shown that there exists 
( v , y) € T such that 

■to = v\v 2 ylyl, xi = v\v\y\y\, x 2 = vfv^yoyiV^, 
x 3 = v\v 2 y 2 y 3 , x 4 = 7/4. 

Conversely, given any (v, y) € T, the point x given above will be a solution of the 
equations Qi(x) = Q 2 (x) = 0, with x e TV 5 . To check that gcd(xo, ■ ■ ■ , £4) = 1, we 
first observe that 

gcd(x ,xi,x 2 ) = vj v 2 yl gcd(?/g, vf v\ y\, viv 2 y Q yi) = vjv 2 yj, 

by p,13p . But then (|3.13p also implies that 

gcd(x ,aii, #2,0:3) = vlv 2 y 2 gcd(y 2 ,y 3 ) = vjv 2 y 2 , 

whence 

gcd(x , . ..,Xi) = gcd(wiU 2 2/2,2/4) = 1- 
On observing that the inequality y 4 ^ B is equivalent to y\y\ + y\ < Bv 2 yf, 
by p.lOp . we therefore conclude the proof of the following result. 

Lemma 3. Let B 1. TTien we have 

N{Q X ,Q 2 ;B) = #{(v,y) € T : w^iKa < B, ytvl+vl < B«22/?}- 

It will become clear in subsequent sections that the equation (|3.10p is a pivotal 
ingredient in our proof of Theorems [T] and [51 

4. The main offensive 

In this section we use Lemma [2] and Lemma [3] to obtain an initial estimate 
for Njj,h{B), which will then be used to deduce the statement of Theorem [T] in SJ3J 
Before beginning this task, it will be helpful to first outline our strategy. It follows 
from the statement of Lemma [3] that any vector (v, y) counted by N(Qi, Q 2 ; B) is 
constrained to lie in the region defined by (|3.10p and the inequalities 

vtvlylyl < B, y^y\ + y\ < Bv 2 y\. 

The bulk of our work will be taken up with handling the summation over the 
variables 2/0, 2/3 an d 2/4, f° r fixed values of (v, y±,y 2 ). The essential trick will be to 
view (|3.10[) as a congruence condition in order to handle the summation over y 4 . 
Then we will need to count values of 1/3 such that 



2/3 «S \]Bv 2 yl - y^yl = Y a , (4.1) 

say, subject to certain coprimality conditions, and then finally values of yo such 
that 

ol/4 1/4 1/2 

2/o V 1 =Y , (4.2) 

2/2 

say, subject to certain coprimality conditions. The overall contribution from 2/0,2/3 
and 2/4, which we henceforth denote by 5(v, yi , j/ 2 ), will be estimated in t|4.2l Finally 
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in i)4.3l we will sum S(y, y\, y%) over the remaining values of v, y\ 1 y2 subject to the 
inequality 

vfvlyfyl < B, (4.3) 
and certain coprimality conditions. 

4.1. Congruences and equidistribution. It will be convenient to collect to- 
gether some technical facts about congruences that will be needed in £14.21 and $4.'3{ 
We begin by discussing the arithmetic function 77(g), defined to be the number of 
square roots of —1 modulo q. The Chinese Remainder Theorem implies that 77(g) 
is multiplicative, and for any v 1 we have 

2 if p = 1 (mod 4), 

ifp = 3(mod4), 

1 if p= 2, z/=l, 
ifp = 2, z/>2. 



ri(p v ) 



Let uj(n) denote the number of distinct prime factors of n € N, and recall the 
definition of x, the real non-principal character modulo 4. Then it is not difficult 
to see that we have 

V(q) ^X>(d)M<9 <2 W ^, (4.4) 
^ 1 <? 

for any positive integer g. 

Define the real- valued function ip{t) = {t} — 1/2, where {a} denotes the fractional 
part of a e 1. Then -0 is periodic with period 1. We proceed by recording the 
following simple estimate. 

Lemma 4. Let a,q G Z fee swc/i i/ia£ 9 > 0, and let t J? 0. T/ien we /law 
#{0 < n ^ t : n = a (mod g)} = — h r(t; a, g), 

w/iere 



r(t;o,g) =V>(- ~) -^( -)• 



g/ \ g 

Proof. This follows on taking ti = and £2 = i in [2j Lemma 3]. □ 

We will also need to prove a result about the average order of the function ip, 
that plays the same role in this work that [5J Lemma 4] did in our previous work. 
A crucial ingredient in this will be the following Diophantine approximation result, 
which may be of independent interest. 

Lemma 5. Let q £ N and let g be a square root of — 1 modulo q. For each non-zero 
integer b, there exist coprime integers u, v such that 

bg u 
q v 

and 

Vq/2 
\b\ 



< -4= ( 4 - 5 ) 

VyJ2q 



< V < ^2q. (4.6) 



Proof. By Dirichlet's approximation theorem we may find coprime integers u, v 
such that 1 ^ v ^ ^/2q and (|4.5p holds. We claim that any such v automatically 
satisfies (|4.6j) . for which it clearly remains to establish the lower bound. To do so 
we first note that |r| ^ y/q/2, where r denotes the residue of bgv modulo g. But 
then it follows that 

r 2 = b 2 g 2 v 2 = -b 2 v 2 (mod g), 
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since g is a square-root of —1 modulo q, whence q | r 2 + b 2 v 2 . Thus we obtain the 
system of inequalities 

q < r 2 + b 2 v 2 < q/2 + b 2 v 2 , 
which thereby gives the lower bound in (|4.6p . □ 

Given any real-valued function / defined on an interval 7, and given coefficients 
ci,C2 G 1 and q € N, define the sum 



S I (f;c 1 ,c 2 ,q) = V>\ " )■ 



xemi 



We proceed by establishing the following result, which permits Sj(/; c\,c%, q) to be 
estimated over short intervals 7 under suitable hypotheses. 

Lemma 6. Let b,q G Z with q > and b ^= 0, and let g be a square root of 
— 1 modulo q. Let 7 £ 1. Given a bounded interval I C K, let f : L — > K be a 
continuously differentiable function on I . Write 



A(/) = J \f'(t)\dt, 

and define 

9a,p(t) = f(t) -a -fit, 
for any q,^€R. Then for any 77 1 we have 

Wi 7 , 4M) « =f + io g( /,«)(i + + , 

where m(7) = meas(7) + 1 and i? is suc/i i/iat 7 C [—7?, 77.]. 

Proof. We employ Vaaler's trigonometric polynomial approximation [17j to if). This 
implies that for any 77 1, there exist coefficients such that 



0<\h\^.H 



with Ch <C and e(8) = exp(27ri0). It therefore follows that 

S ,(/;7,te ? )«^ + E ml E «( WM - M ^ )|, (4.7) 



for any 77 ^ 1. 
Define the sum 



o<|/i|<H 1 1 xezn/ 



q 

Y/2<y^Y * 

for fixed values of h G N, Y ^ 1 and any real valued function F : (Y/2, F] — > R. We 
begin by estimating the sum when F(t) = a + f3t. Mimicking the proof of Weyl's 
inequality, we obtain 

-f3hz + bhg(z 2 + 2yz)^ 



\S h .y(a + {3t)\ 2 = \ Y, e ( 



Y/2<y^Y 



Y/2<y+z^Y 

E I E i^) 



\*\<y yen 
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for some interval I (z) of length 0(Y), depending on z. For any a E R, let ||a|| 
denote the distance from a to the nearest integer. Then it follows that 

|^Wa + ^| 2 << i Ernin{r, p ^ M }. 

For any a £ R and any 8 > 0, let T(N; a, S) denote the number of positive 
integers n ^ N such that \\an\\ ^ 5. A result due to Heath-Brown [Ql Lemma 6] 
yields 

/ N\ 

T(N;a,S) ^4(l + v6)(l + — J, (4.8) 

provided that a has a rational approximation \a—u/v\ ^ 1 /v 2 with coprime integers 
U, v such that d^O. On combining (|4.8p with Lemma [5j we therefore deduce that 

IQ ( ±<*\\*^ T(Y;2bhg/q,d) 
\bh y(ol + pt)\ < max 

< (Y + v)(l + — 

\bh\^ 2 Y 

Given any 7 € R and any function / : / — *■ R as in the statement of the lemma, 
it now follows from an application of partial summation that 



whence 

S h , Y (a + (3t)<z:q 1/4 



ShAlf) = Sh,Y(l9aAt) + «' + 0't) 

71/4 



(1 , %lA(gq,g) \/ 1/4 , I^l 172 ^ 



with a' = «7 and /?' = /J7. Finally we employ this estimate in (|4.7[) . and sum over 
dyadic intervals for V <C R, in order to complete the proof of Lemma [5] □ 

4.2. Summation over the variables 2/0,2/3 an d 2/4- Let (v, 2/1,2/2) G N 4 satisfy 
(|3.14[) and (|4.3|) . As indicated above, we will denote the triple summation over 2/0, 2/3 
and y4 by S^v, j/i, 2/2). In this summation we will need to take into account the 
coprimality conditions (|3.13p . We begin by treating the condition gcd(j/4, U1U2) = 1- 
Note here that the condition gcd(j/4,2/2) = 1 follows immediately from (|3.10p and 
the remaining conditions. A Mobius inversion yields 

S(v, 2/1, 2/2) = ^(^4)^4, 

where the definition of Sfc 4 is as for 5(v, 2/1, 2/2) but with the extra condition that 
&4 I 2/4 and without the condition gcd(2/4, «i 1*22/2) = L Now it straightforward to 
deduce from f3TTD|) . (f3~13l) and (|3A4| . that 

gcd(fc 4 ,?/2) = gcd(uiu 2 ,2/2 ! 2/3) = 1 > 
for any k± dividing W1W2 and 2/4 ■ It follows that 

S{v,yi,y 2 )= K k i) s 'k4' 

gcd(y ,viv 2 yi)=l gcd(fc 4 ,j/ 2 )=l 

where 

S' ki = # {2/3 € N : gcd(2/ 3 , 2/12/2) = 1, 2/3 < F 3 , 2/1 = -2/o2/f (mod fc 4 f22/ 2 )} , 
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and Y3 is given by (|4.ip . Let g be a solution of the congruence 

g 2 = -1 (mod fc 4 w 2 y 1 ). 
Then a little thought reveals that 

gcd(e2/o2/2, hv 2 yf) = 1, (4.9) 
for any fc 4 | i>ii> 2 such that gcd(fc4,y 2 ) = 1. We may therefore conclude that 

S(v,yi,V2)= Y Y ^(h) Y s k 4 (Q), 

gqd(vo,«i«2»i)=l gcd(fc4,J/ 2 )=l e 2 = -l(mod k 4 v 2 yj) 

where 

Sfc*(e) = # {2/3 G N : gcd(y 3 ,y 2 ) = 1, y 3 < *3, 2/3 = £>2/o2/2 (mod fc 4 w 2 y 1 )} . 

In order to estimate Sk 4 (g) we employ a further Mobius inversion to treat the 
coprimality condition gcd(y 3 , j/2) = 1. Thus we have 

5*4 (e) = Y K^s^^io), 

Ml/a 

where 

Sk 2 ,kAe) = # {2/3 G N : y' 3 < F 3 /fc 2 , fc 2 y 3 = f?2/o2/2 (mod fc 4 W22/i)} • 

We must therefore estimate the number of positive integers contained in a certain 
interval, which belong to a certain arithmetic progression. For fixed values of 
v, j/Oi 2/i j 2/2: &2) ^4, £>> it follows from (|4.9|) that there exists a unique positive integer 
& ^ k4V 2 y 2 such that gcd(6, k^viy 2 ) = 1 and 

6fc 2 = gy 2 (mod kiV 2 yl). (4-10) 

We may therefore employ Lemma H] to deduce that 

S fc2 ,fc 4 (£>) = # {2/3 G N : y' 3 < F 3 /fc 2 , ^ ee &y 2 ( mod fc 4W2 y2)} 

= r-r- — 2 + r{Y 3 /k 2 ;byo, k 4 v 2 yf), 
k 2 k 4 v 2 y{ 

where 

' |y '"*' ta «^H^)-»(^)' i" 1 ) 

Putting everything together we have therefore established that 

5(v,y 1 ,y 2 )=<?(v ) tfi )W! ) V + ^(5; v )2/1 ,2/ 2 ), (4.12) 

gcd(j/o,'WiW2?/i)=l 



with 



^ H(k 4 )r](k4v 2 y 2 ) /z(fc 2 ) 

*4|"lf2 Ml/2 

gcd(fe 4 ,y2)=i 
_ ^(2/2) V-(k A )-q{k 4 v 2 yl) 

fc 4 |fl"2 
gcd(fc 4 ,y 2 ) = l 

and 

R l (B;v,y 1 ,y 2 ) = Y M**) Y Y ( 4 -13) 

fet|fit)a Q^k 4 v 2 vl Ml/2 

gcd(*4,J/2)=l e 2 = -l(mod k 4 v 2 yj) 
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Here we have set 



Fi(B) = F 1 (B;v,y 1 ,y 2 ,k 2 ,k 4 ,g) = E r(Y 3 /k 2 ;by 2 , k 4 v 2 yf), 



yo <Yb 

gcd(y ,v 1 v 2 y 1 ) = l 



and a straightforward calculation reveals that 

ri{v 2 yj)(j){y 2 ) yj l + x{p)\ TT x{p) s 

y 2 

p\vi ' p\v 2 gcd(«i,j/i) 

p\v 2 yiy 2 

We have used here the fact that whenever rj(v 2 y1) ^ 0, any prime divisor of 
«2 gcd(vi, yi) must be congruent to 1 modulo 4. We proceed by establishing the 
following result. 

Lemma 7. Let e > 0. Then for any B ^ 1 we have 

E i?i(i3;«i,« 2 ,2/i,y 2 )« £ i? 17/20+£ . 

( ETUI , t4~3l ZioZd 

Proof. We begin with a Mobius inversion to remove the coprimality condition in 
the summation over yo m the definition of Fi(B). Thus it follows from (14. 11 [) that 
Fi(B) = Fl(B) ~ Fi(B), with 

bk lvl ' 



k 4 v 2 y{ 



2 I ' 



F?(B) = J2 M fc o) E v> 

and 

fhb)= e mm e H r3/fc r^° 2 

^— ' V k 4 v 2 yf 

k \viv 2 yi yo^Yo/ka 

On writing y 2 = fc 2 y 2 , (|4. lOj) implies that b = gy' 2 (mod k 4 v 2 y\). Here we recall 
that q is a square root of —1 modulo k 4 v 2 y\. We now set 

q = k 4 v 2yi 2 . (4.15) 

An application of Lemma El with 7 = yields 

'Yo .W4, y 2 1/2 # 1/2 >V 



?(*)<- E ^(t + « 1/4 + ^r 



«, s »(| +( ^)^ + »«). 



for any H ^ 1. Substituting this into (|4. 13[) . we therefore obtain an overall contri- 
bution of 

Y , ..1/4 1/2 1/2 , 2/2 /2 g 1/2 >0 



<<eB Vh : + Ui U2 vi , 1/4 1/2 

to Ri(B; v, 2/1,2/2) from F^{B). Here, we have used the estimate (|4.4j) for r](k 4 v 2 y\). 
It remains to sum this estimate over all vi , v 2 , 2/1 , 2/ 2 € N satisfying (|3. 14[) and 
(|4.3p . Recall the definition (|4.2[) of Y"o- Then for any e > we obtain the overall 
contribution 

e t ^y +w^^) 

yi^B^/y(vjv 3 2 /2 y 2 ) 
« E ^(1+^/4^1/2 
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to Etii u 2 Sl! , 2 ^i(^! v i!/i!!/2) from the term Ff{B). This term therefore con- 
tributes £ {B 5 / &+e ) to Lemma [3 on taking H = f? 1 / 6 , which is satisfactory. 

We must now turn to the overall contribution from the term Fi(B). Define the 
function f(t) = VT~^¥. Then it follows from dHJ) that 

Y 3 



in the above expression for Fi(B), where we have set Yq — Yo/fco f° r short. We 
will estimate F^{B) by breaking the summation over j/q into intervals of length 
0(Yq/M), for any M ^ 1 to be selected in due course. Let 



mY^/M<y 4(m+l)Y^/M 9 



for each m £ N, where q is given by (|4.15p . We wish to apply Lemma [5] to estimate 
U m , in which we will take 7 = y Bv 2 y\- 

Let us begin by handling U m for m ^ M — 2. Here we take 

f(m/M) mfim/M) 
P= M > a = /WM) M 2 ' 

and proceed to consider the size of ga^it/Y^) on the range of summation. An 
application of the mean value theorem implies that for itiYq/M < t ^ (m + l)i^'/M 
we have 



m 
M 

1 



« — sup \f"(r/M)\ 

m ie(m,ra+l] 

(l-(m + l) 4 /Af 4 )- 3 / 2 
^ M 2 • 

On making the change of variables m = M — ml — 1, so that 
(1 - (m + 1) 4 /M 4 )- 3 / 2 « (M/m') 3/2 , 
we therefore deduce that 

£ A(^(i/F '))«Af- 2 ^ (l-(m + l) 4 /M 4 )- 3 / 2 

l<m<M— 2 l<m<M-2 

« M- 1 / 2 ^ m'- 3/2 « M- 1 / 2 . 
l<ro'<M-2 

It now follows from Lemma that 

\- rr ^ „ e (Y ( BV*H U 1/4 1/2 1/2 y^g 1 / 2 ^ ^ 



l<m^M-2 



To estimate U m for to = M — 1 or M , we choose /3 — a = in Lemma [5] In 
particular it follows that g a ^(t/Y^) = / (i/^o') < M~ 1/2 and so 

A(fla I /3(t/*o)) « M_1/2 ' 

for mYo/M <t^{m+ 1)Yq/M and M - 2 < to < M. We therefore deduce that 



M— 2<m<M 
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which once combined with the above leads to the conclusion that 

F 1 (B) « £ B + \M + M1/2 [ v i u 2 Vi + 1/4 1/2 M 

y 2 f/1 

on choosing M = iJ 2 /3 B i/3 /(^ /3 y^ 3 ). Note that M > 1 since w 2 yi < B. Recall 
the definition (|4.2p of lo and let e > 0. Then arguing as above, we conclude that 
we have an overall contribution 

„ R e f 2 Vl 1 2 i pl/4trl/2A 

E 1 ^ 1/2 + ~m +b'hi) 

"1,1)2,2/1,3/2 £>2 fl 

*° « 2 yi V2 Ri{B; v, yi, j/2) from the term F^{B). Here the summation is over 

ui,U2) yi,V2 € N such that yi < B x / 2 /{v\v 2 ' 2 y 2 ). Taking if = j/ 3 / 10 , we therefore 
obtain the satisfactory contribution 

e ( gi/4 ty* + ^ i/4 ^ i/6 yi i/3 °^ i/3 + b 1 / 4 ^ 20 ) 

"1,^2,1/1,1/2 

2/2 

on noting that B 1 / 4 y 1 /20 < #1/4+3/40 ^ gi/z and summing g rst over yi _ This 
completes the proof of Lemma [7J □ 



Recall the definitions (jlTj) , of F ,F 3 , and write /(t) = Vl - * 4 as above. 

Our next task is to examine the sum 

E ^ = ^ E /(*/*), 

vo<*, 22/1 v 2 ^ yo^c 

gcd(i/o,ui«2l/i)=l gcd(j/o,'"if2j/i)=l 

that appears in (|4.12p . On performing a Mobius inversion we easily deduce that 
E /(W%) = E ^ fc °) E MoM), 

Vo^Yq k \viv 2 yi Vo^ Y o 

gcd(y ,v 1 v 2 yi) = l 

where Yq — Ya/ko. An application of partial summation, together with the change 
of variables t = u 1 ' 4 !^', reveals that 

-y' 



E /(M) = K'l/(i)- / 



[^f> 1/4 )^l=< + F 2 (Y^ 



where 
and 



2^1^ 



(4.16) 
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We easily conclude that 



V- *3 (Kvimvi) £ 3/4 , R 2 {B-w,y u y 2 ) 



yo<Yo v 2 y\ ■ Vl v 2 yi vTvTvT *(v,lft,«2) 

gcd(j/o,f lf23/l)=l 

where 



R 2 (B;v,y 1 ,y 2 )=^(v ) y 1) y 2 )^- E »(ko)F 2 (Y{). (4.17) 

v 2 yi fc |t>i-u2j/i 

We now need to sum R 2 (B; v, yi,y 2 ) over all of the relevant values of y 2 . Let 

Y 

2 3/2 • 

Then the following result holds. 

Lemma 8. Let e > and let B ^ 1. T/ien we /iawe 

£ ife(S;v,yi s y 2 )=i?'(v,yi)- 3 - 5 -3+O e ( 5JTTJ2) ' 



gcd(y 2 ,f2j(l) = l 



where 



7T' 1 J' I P 



X 

Proof. Now it is plain from (|4.17[) that 



En \ f 1 f 1 f w 1/4 Ui«22/l 1 d-udw 



R2(B;v,y 1 ,y 2 )=D(v,y 1 ,l)^- £ MM E w (lto)A(j£)> 

gcd(j/ 2 ,'«2yi) = l 



where 

, &(v,y 1 ,y2)/d(v,yi,l), if gcd(y 2 , U23/1) = 1, 
0, otherwise, 



w(t/ 2 ) 

and 



h{v) = -2j iH^/H 

From (|4.14p . it follows that 



u 



2/2 y v p / 

if gcd(y 2 , v 2 yi) = 1. In order to estimate X^^vb zu (y^)Hy2/Y 2 ), we must first 
calculate the corresponding Dirichlet series F(s) = X^Li Let 

1 + 



1 

p 

for any prime p. Then for 3ie(s) > 1 we see that 



m- n n (i + *^)-cmgm, 

pti)i«2!/i p\vi,p\v 2 yi 

iere 

^)-n('-^) n (i+^fT 1 n 



p s - 1 

p|-Bl,PT«2j/l 
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In particular it is clear that F(s)/((s) is holomorphic for 5fte(s) > 0. It therefore 
follows from a standard argument (see Lemma 2] for example) that 

^n7( 2/2 ) = G(l)t + 0(G+(l/2)t 1 /2 ); 

for any t ^ 1, where if G(s) = J2^=i9( n ) n S tnen C + ( s ) — S^Li l5( n )l rl_;i - A 
simple calculation reveals that G + (l/2) <C 2 w ( VlV2yi ^ <C £ B e , and so an application 
of partial summation yields 

V2^Y 2 

G(l) f Y ' f 1 ( u^v^y, ^ duds , n , ne „i /a , 



2 



/■ 2 /■ f ^ 1/4 ^l^ 2 yi \ dud.S y 



Since i?(v,yi,l) < 2 w < l ' iai )4"( 1 ' 2 ) < £ B e , this therefore completes the proof of 
Lemma HI □ 

While the precise value of $'(v, 2/1) in Lcmma[5]is perhaps unimportant, we will 
need the observation that 

tf'(v,yi)«8 w(,J1,J2yi) « £ (viv 2yi y, 

for any e > 0. We are now ready to sum R 2 (B;v,yi,y 2 ) over all (v, yi) € N 3 
satisfying |/i(«2)| = 1 and the inequality vfy^yf ^ B, that follows from (|4.3|) . Thus 
Lemma |8] implies that for any e > we have 

£ |^ 2 )|iW;v, yi , y2 ) = 5 £ ^^ + ^ 3/4+E ) 

«i,«2,2/i€N »i,»2,Vi6N 

= /3S + O e ( J B 3 / 4+e ), 

with 

„ K ! ^nv lj /o (418) 

Let (v, 2/1,2/2) € N 4 satisfy (I4.3j) . and recall the definition (|4.14|) of $(v, 2/1, y 2 ). 
We define <^(v, yi, y 2 ) to be zero if (|3 . 14[) fails to hold and 

<p(y,y±,V2) = * iviV2Vl) e(y,vi,V2) (4-19) 

otherwise. Furthermore, let 

R(B;v, yi ,y 2 ) = R 1 (B;v,y 1 ,y 2 ) + R2(B;v, yi ,y 2 ), (4.20) 

where Ri(B;v,yx,y 2 ) is given by (|4. 13|) and R 2 {B;w,y-i,y 2 ) is given by (|4.17p . 
Then we have proved the following result. 

Lemma 9. Lei e > 0. Then for any B 1 and any (v, yi, 2/2) S N 4 satisfying (|4. 3[) . 
we Ziaue 

B 3/4 

S(v,yi,y 2 ) = ap(v, 2/1,2/2) 1/4 1/2 1/2 + R{B;v, yi ,y 2 ), 

v 2 J/i 2/2 

where c is given by (|4. 16[1 . (p(v,yi,y 2 ) is given by (|4.19| . and R(B;v,yi,y 2 ) is 
given by (|4.20p and satisfies 

E i?(S;v,y 1 ,y 2 )=/i J B + O £ (i? 17 / 20 + £ ), 

«i ,f 2 , 3/1 ,1/ 2 £N 
l l3TT4l . B73l ZioZd 
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where (3 is given by (|4.18[) . 

4.3. Summation over the remaining variables. In this section we complete 
our preliminary estimate for Nu t n{B), for which we first recall the definition (|3.1[) 
of the counting function N(Q\, Q 2 ; B). Our task is to sum the main term in Lemma 
H]over all v, 2/1,2/2 satisfying ()3.14p and (|4.3p . Define the arithmetic function 

v,t/i,j 2 eN v 2 Vi V2 

for any n G N. Then it follows from Lemma [H] that 

N( Ql , Q 2 ; B) = cB»/« £ %^|^ + /3S + O £ (B 17 / 20+£ ) 

v 2 Vi y 2 

= cB 3 ' 4 ]T A (") +P B + Os(B 17/20+£ ), 

for any e > 0. On inserting this estimate into Lemma [2] we therefore obtain the 
following result. 



N UM (B) = AcB*' A ]T A(n) + + 40) i? + O t -(B 17 / w 



Lemma 10. Let e > 0. Then for any B ^ 1 we have 

(- 

n^B 

where c is given by (|4.16p . A(n) is given by (|4.2ip anc! /3 is given by (14.181) . 

5. The height zeta function 

In this section we complete the proof of Theorem [TJ Recall the definition (|4.2ip 
of A(n), which has corresponding Dirichlet series 

DM = V A (") = V p(vi,v2,yi,y2) 

^ ' 2-^i n s Z^i 4, 3s+l/4 2s+l/2 2a+l/2' 

n=l Di ,t) 2 ,91,1/2 GN "1 w 2 Vl V2 

say, where ^(t>i, v 2 , y\, y 2 ) is given by (|4.19p . For Sie(s) > 1 the height zeta function 
is given by 



1 f°° 

z u.h(s)= £ ^737 = */ ' 8 : .V r// ::/id/. 

zG(7(Q) 1 ^ Jl 

Thus it follows from Lemma [TO] that Zjj,h(s) = Z\{s) + Z 2 (s), where 

/°° 1 fir s 

t -s-i/A £ A(n)d< = _-D(s - 3/4), 

_ , , 12/tt 2 + 4/3 _ . . 

Z 2 (s) = —!■ -^ + G 2 s , 

s — 1 

and 

/oo 
^ s - x ii(i)dt 

for some function i?(t) such that R(t) <C £ t 17 / 20+£ for any e > 0. But then it follows 
that G 2 (s) is holomorphic on the half-plane {s e C : Re(s) 17/20 + e}, and is 
easily seen to satisfy the inequality 

G 2 (s) < £ (1 + |3 TO ( s )|)20max{l-SRe( S ),0}/3+^ 

on this domain, via the Phragmen-Lindelof Theorem. 
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It remains to analyse the function Zi(s). The multiple sum D(s) can be written 
as an Eulerian product Y[ p D p (s), say. When p is odd a routine calculation reveals 
that 



D p 



, (l-l/p)(l-(l + x(p))/p) , (l-l/p) 2 (l + xb)) 



p l+4s_ 1 pl+3.( 1 _ p -l-4.)( 1 _p-l-a»)- 

Similarly, in the case p = 2 we have 

g 2 (s + 1/4) = 1 + 21+2 1 8 — (- + 4(2l+4 \ _ 1} ) + 4(2l+4 \ rry (l + ^) + 

Recall the definition (|1.4p of Bi(s + 1). We have therefore shown that there exists 
a function H, which is analytic on the half plane 5fte(s) > 1/8, such that 

D(s + l/A)=E 1 (s + l)H(s). (5.1) 

Let H p (s) denote the Eulerian factor of H(s) at the prime p. We examine the 
analytic properties of H(s) by estimating the size of H p (s). In doing so we restrict 
ourselves to the domain V = {s £ C : 3?e(s) ^ — 1/4 + e}. When p is odd we plainly 
have 

uk. + - - »-*•) - 1 + ±±# + i±# + o(^l_ 



It therefore follows from (15.11) that 



ffpQO , i + x(p) 2(i + x (p)) 



= i+ ' - v :,V " +o 



(i -p- x - 3s )(i - x(p)p~ 1-3s ) P 1+3s P 2+5s ^P 1+£ 

whence 

2 + y(p) _ 2(1 + X (P)) , 1 + X(P) , n ( 1 \ 

fl ?^ S J 1 „2+6s p2+5s + ~3+9s 

= E 2 , p (s + l)(l + 0' ' 



on T>. Here E2, p (s + 1) is the Eulerian factor of E%(s + 1), as given by (|1.5[) . Define 
the function 

16cs £>(s-3/4) _ 16cs g(s-l) 
Ul1 > is-3E 1 (s)E 2 {s) 4s -3 £ 2 (s) ' [ ' 

Then it follows from our work that Gi(s) is analytic and bounded on the half-plane 
{s e C : 9?e(s) > 3/4 + e}. In order to complete the proof of TheoremQ] we simply 
note from (15.111 that 



p>2 

by (|2.6p . whence 
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6. Deduction of Theorem [D 



This section is virtually identical to the corresponding argument in §7], and 
so we will be brief. Let e > and let Te [1, B\. Then it follows from an application 
of Theorem [TJ Lemma [TU] and Perron's formula that 

rl+s+iT 



Nu, H (B) - 



12 



4/3 LB = 



1 



E 1 (s)E 2 (s)G 1 (s)—ds 

1+e-iT s 

Rl+E 

^17/20+e 



(6.1) 



T 



We apply Cauchy's residue theorem to the rectangular contour C joining the points 
K-iT, K + iT, 1 + e + iT and 1+e-iT, for any k £ [29/32, 1). On expanding 
the product of zeta functions about s = 1 it follows from (|1.4[) that 



Ei(s) 



1 



8 - 1 



o 



1 



(s iy 



from which it is easy to deduce from (|5.2p and (|5.3jl that 



Res s=1 ^E 1 {s)E 2 (s)G 1 {s)^ = 

for some monic polynomial Q of degree 3. 
Define the difference 



3! x 4 



L(l, X ) 2 TBQ(\ogB), 



E(B) = Njj,h(B) 



-L(l, X ) 2 TBQ(logB) 



12 



4/3 LB 



/■K+iT 

(Lr + 


rl+e-iT 

/ H 


-r ) 


JDS 

E l{ s)- 


ds 




J n-iT 


J 1+e+iT / 







3! x 4 

Then, in view of (|6.ip and the fact that the function E2(s)Gi(s) is holomorphic 
and bounded for 5Re(s) > 5/6, we deduce that 

Rl+£ 

(6-2) 

for any k £ [29/32, 1) and any T £ [1, B]. We begin by estimating the contribution 
from the horizontal contours. Recall the well-known convexity bounds 

C(* + it) « £ l^ 1 -)/^, L(a + it, x) «e Itl 1 -^, 

that are valid for any a £ [1/2, 1] and \t\ 1. Then it follows that 

E X (a + it) < £ |f|28(l-<0/3+e 

for any a £ [29/32, 1] and \t\ ^ 1. This estimate allows us to deduce that 

B l+e T e 





pK+iT 


DS 

E l{ s)- 


X J K-iT 


J 1+e+iT ' 





ds <C e 



T 



B K T e 



We now turn to the size of the integral 



K+iT 



K-iT 



EM 



B s 



ds<B K 



lE^K + itfl 

1 + 



dt = B K I(T), 



(6.3) 



(6.4) 



say. For given < U <C T, we will estimate the contribution to I(T) from each 
integral 



™ \ El {K + lt)\ 1 

u 1 + 1*1 ^ 



2,7 /cm 
|£; 1 (« + it)|di = ^ 1 



say. For any e > it follows from a result due to Heath-Brown [8: that 

|C(fT + lt)| 8 dt« e U 1+S , 



(6.5) 
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for any <r € [5/8,1], and any U ^ 1. Moreover we will need the upper bound 

r2(7 

\L(a + it, X )\ 4 dt « £ U 1+E , (6.6) 

that is valid for any a € [1/2,1] and any U ^ 1. This follows on combining 
standard convexity estimates [HI §7.8] with work of Montgomery [22 Theorem 
10.1]. Returning to our estimate for J(U), for fixed < U <C T and any k 6 
[29/32, 1), we apply Holder's inequality to deduce that 



J(U) < j 1 ' 8 j^j^j^/ 4 , 



where 



r2U 

Ji = / |C(4K-3 + 4it)| 8 dt, J 2 = / |C(3« — 2 + 3zi)| 8 dt, 
./.; = / K ! - 1 + 2it)| 8 dt, J 4 = y \L(3k -2 + 3it, y)| 4 di, 



It therefore follows from (|6.5|) and (|6.6p that </(£/) <C £ C/ 1+£ , on re-defining the 
choice of e. Summing over dyadic intervals for < U <Twe obtain 

rT \Ei{k + it) I 









|C(4k 


/£/ 




/•2[7 






|C(2« 


/£/ 




<-2(7 






\L(2k 


/£/ 



1 + 1*1 



Since we obtain the same estimate for the integral over the interval [— T 1 0], we 
deduce that I(T) <C e T £ . We may insert this estimate into (|6.4p . and then combine 
it with (|6.3p in (|6.2p . in order to conclude that 

i?(i?)« £ — + B K+e , 
for any T G [1, B]. We therefore complete the proof of Theorem[2]by taking T = B. 
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